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Abstract: In this work, we analyze the behavior of statistical complexity in several systems where two identical densities
that travel in opposite direction cross each other. The crossing between two Gaussian, rectangular and triangular densities is
studied in detail. For these three cases, the shape of the total density presenting an extreme value in complexity is found.
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1 Introduction
An interesting problem that has not been broadly in-
vestigated in the literature is the behavior of the statis-
tical complexity in time-dependent systems. A work
in this direction was done in Ref. [1] where this be-
havior was studied in a gas out of equilibrium decay-
ing toward the asymptotic equilibrium state.
In this communication, we carry out the study of
the statistical complexity C in a time-dependent sys-
tem ρ(x, t) composed of two one-dimensional (vari-
able x) identical densities that travel in opposite direc-
tions with the same velocity v, one of them, ρ+(x, t),
going to the right and the other one, ρ−(x, t) going to
the left. That is
ρ(x, t) =
1
2
ρ+(x, t) +
1
2
ρ−(x, t), (1)
with the normalization condition
∫
IR ρ±(x, t)dx =
1 that implies the normalization of ρ(x, t). In the
next section, we perform the analysis of C for two
Gaussian, rectangular and triangular traveling densi-
ties, which verify the initial condition ρ+(x, 0) =
ρ−(x, 0). Specifically, the shape of ρ(x, t) presenting
the maximum and minimum C is found for these three
cases. The final section includes our conclusions.
2 Complexity in Traveling Densities
Let us start by recalling the definition of the statisti-
cal complexity C [2], the so-called LMC complexity,
that is defined as
C = H ·D , (2)
where H represents the information content of the
system and D gives an idea of how much concentrated
is its spatial distribution. For our purpose, we take a
version used in Ref. [3] as quantifier of H . This is the
simple exponential Shannon entropy [4], that takes the
form,
H = eS , (3)
where S is the Shannon information entropy [5],
S = −
∫
p(x) log p(x) dx , (4)
with x representing the continuum of the system states
and p(x) the probability density associated to all those
states. We keep for the disequilibrium the form origi-
nally introduced in Refs. [2, 3], that is,
D =
∫
p2(x) dx . (5)
Now we proceed to calculate C for the system above
mentioned (1) in the Gaussian, rectangular and trian-
gular cases.
2.1 Gaussian case
Here the two one-dimensional traveling densities that
compose system (1) take the form:
ρ±(x, t) =
1
σ
√
2π
exp
{
−(x∓ vt)2
2σ2
}
, (6)
where σ is the variance of the density distribution.
The behavior of complexity, CG, as a function
of the adimensional quantity 2vt/σ is given in Fig.
1. Let us observe that CG presents a minimum. The
shape of system (1) for this minimum complexity case
is plotted in an adimensional scale in Fig. 2.
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Figure 1: Statistical complexity,CG, vs. the adimensional
separation, 2vt/σ, between the two traveling Gaussian den-
sities defined in Eq. (6). The minimum of CG is reached
when 2vt/σ = 2.91. The dashed line indicates the value of
complexity for the normalized Gaussian distribution.
2.2 Rectangular case
Now the two one-dimensional traveling densities that
compose system (1) take the form:
ρ±(x, t) =


1/δ if −δ/2 ≤ x∓ vt ≤ δ/2 ,
0 if |x∓ vt| > δ/2 .
(7)
where δ is the width of each distribution.
For this case, the complexity, CR, can be analyti-
cally obtained. Its expression is:
CR(t) =


22vt/δ
(
1− vtδ
)
if 0 ≤ 2vt ≤ δ ,
1 if 2vt > δ ,
(8)
The behavior of CR as a function of the adimen-
sional quantity 2vt/δ is given in Fig. 3. Let us observe
that CR presents a maximum. The shape of system (1)
for this maximun complexity case is plotted in an adi-
mensional scale in Fig. 4.
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Figure 2: Shape of the density (1) in adimensional units
that presents the minimum statistical complexity when the
two traveling Gaussian densities defined in (6) are cross-
ing. Notice that the value of the adimensional separation
between the centers of both Gaussian distributions must be
2.91.
2.3 Triangular case
The two one-dimensional traveling densities that com-
pose system (1) take the form in this case:
ρ±(x, t) =


(x∓vt)
ǫ2 +
1
ǫ if −ǫ ≤ x∓ vt ≤ 0 ,
−(x∓vt)
ǫ2 +
1
ǫ if 0 < x∓ vt ≤ ǫ ,
0 if |x∓ vt| > ǫ ,
(9)
where ǫ is the width of each distribution (isosceles tri-
angle whose base length is 2ǫ ).
The behavior of complexity, CT , as a function of
the adimensional quantity 2vt/ǫ is given in Fig. 5. Let
us observe that CT presents a maximum and a mini-
mum. The shape of system (1) for both cases, with
maximum and minimum complexitiy, are plotted in
an adimensional scale in Figs. 6 and 7, respectively.
3 Conclusion
In this communication, we have studied the behav-
ior of the statistical complexity as a function of time
when two traveling identical densities are crossing
each other. Three cases have been analyzed: Gaus-
sian, rectangular and triangular densities. The Gaus-
sian case presents a configuration with minimum com-
plexity. The rectangular case displays a configura-
tion with maximum complexity. The triangular case
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Figure 3: Statistical complexity, CR, vs. the adimen-
sional separation, 2vt/δ, between the two traveling rectan-
gular densities defined in Eq. (7). The maximum of CR is
reached when 2vt/δ = 0.557. Observe that the normalized
rectangular distribution has CR = 1.
shows an intermediate behavior between the two for-
mer cases with a maximum complexity configuration
and another one with minimum complexity.
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Figure 4: Shape of the density (1) in adimensional units
that presents the maximum statistical complexity when the
two traveling rectangular densities defined in (7) are cross-
ing. Notice that the value of the adimensional separation
between the centers of both rectangular distributions must
be 0.557. Then, the width of the overlapping between both
distributions is 0.443.
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Figure 5: Statistical complexity, CT , vs. the adimensional
separation, 2vt/ǫ, between the two traveling triangular den-
sities given in Eq. (9). The maximum and minimum of CT
are reached when 2vt/ǫ takes the values 0.44 and 1.27, re-
spectively. The dashed line indicates the value of complex-
ity for the normalized triangular distribution.
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Figure 6: Shape of the density (1) in adimensional units
that presents the maximum statistical complexity when the
two traveling triangular densities defined in (9) are cross-
ing. Notice that the value of the adimensional separation
between the centers of both triangular distributions must
be 0.44.
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Figure 7: Shape of the density (1) in adimensional units
that presents the minimum statistical complexity when the
two traveling triangular densities defined in (9) are cross-
ing. Notice that the value of the adimensional separation
between the centers of both triangular distributions must
be 1.27.
